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Abstract

Change point detection in time series aims
to identify moments when the probability dis-
tribution of time series changes. It is widely
applied in many areas, such as human ac-
tivity sensing and medical science. In the
context of multivariate time series, this typi-
cally involves examining the joint distribution
of multiple variables: If the distribution of
any one variable changes, the entire time se-
ries undergoes a distribution shift. However,
in practical applications, we may be inter-
ested only in certain components of the time
series, exploring abrupt changes in their dis-
tributions while accounting for the presence of
other components. Here, assuming an under-
lying structural causal model that governs the
time-series data generation, we address this
task by proposing a two-stage non-parametric
algorithm that first learns parts of the causal
structure through constraint-based discovery
methods, and then employs conditional rela-
tive Pearson divergence estimation to identify
the change points. The conditional relative
Pearson divergence quantifies the distribution
difference between consecutive segments in
the time series, while the causal discovery
method allows a focus on the causal mecha-
nism, facilitating access to independent and
identically distributed (IID) samples. Theo-
retically, the typical assumption of samples be-
ing IID in conventional change point detection
methods can be relaxed based on the Causal
Markov Condition. Through experiments on
both synthetic and real-world datasets, we
validate the correctness and utility of our ap-
proach.
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1 INTRODUCTION

Change point analysis aims to detect distribution shifts
in observational time series data. This topic has been
explored extensively and is popular in many areas,
such as human activity analysis [Brahim-Belhouari and
Bermak, 2004, Cleland et al., 2014], image analysis
[Radke et al., 2005] and financial markets [Talih and
Hengartner, 2005].

Traditionally, change point methods focus on detecting
shifts in the joint distribution of all variables in the
time series. There is an implicit assumption that the
entire joint distribution of all the variables significantly
shifts whenever a change occurs in any of the variables
in the multivariate time series. This assumption works
well if we only care about broad, overarching changes,
but it can be restrictive and overlook an important
real-world consideration: in many scenarios, we are
more concerned with local changes rather than global
shifts. Motivated by the causal invariance principle
and invoking a causal modeling perspective, we are
interested in detecting changes that specifically affect
the causal mechanisms governing the variables in
the time series.

In the field of human health and medicine, researchers
aim at identifying subtle changes in specific patient
conditions before the overall health deteriorates signifi-
cantly, such as capturing antecedent signs and symp-
toms of sepsis in [Shashikumar et al., 2017] and [Goh
et al., 2021]. Similarly, detecting signal changes within
vast datasets to predict anomalies before the onset of
overall financial distress is a critical focus in finance,
as demonstrated in [Koyuncugil and Ozgulbas, 2012]
and [Kliestik et al., 2018]. Therefore, it is essential to
shift our focus from global joint distribution changes
to causal mechanism changes in practical applications.

Additionally, from a theoretical perspective, many ex-
isting methods, including [Aminikhanghahi and Cook,
2017, Harchaoui et al., 2008, Liu et al., 2013, Sag-
gioro et al., 2020], require independent and identically
distributed (IID) samples. Although many of these
methods are robust to non-IID samples in simulated
data such as [Liu et al., 2013], they lack theoretical
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guarantees, which are needed for trustworthy deploy-
ment of these algorithms in the real world, especially
in safety-critical applications as in [Liu et al., 2018].

Driven by both practical needs and theoretical im-
portance, we propose a novel change point detection
algorithm that integrates change point detection with
causal discovery. First, causal structure helps us obtain
a more fine-grained look at the joint distribution by dis-
entangling the causal mechanism of each component in
the time series. Second, relying on the Causal Markov
Condition assumption in the Structural Causal Model
(SCM) framework of [Pearl, 2009], the correlated sam-
ples become independent and identically distributed
(IID) when conditioned on their causal parents. In this
context, our change point detection method aims to
identify shifts in the causal mechanisms, specifically,
the conditional distribution of the target variable given
its parents.

In this paper, we summarize our main contributions as
follows:

• We propose a novel non-parametric algorithm,
called Causal-RuLSIF, for detecting change points
in causal mechanisms within discrete-valued time
series data. The algorithm assumes an underly-
ing Mechanism-Shift SCM but does not impose
constraints on the causal mechanisms or the data
distributions. Our algorithm introduces a novel
dynamic RuLSIF estimator for detecting change
points, on the basis of [Yamada et al., 2013] and
[Liu et al., 2013], and integrates the PCMCI al-
gorithm for causal discovery from [Runge et al.,
2019].

• We validate our method with synthetic simulations
on both soft mechanism change and hard mech-

anism change time series, demonstrating that it
reliably detects change points with high probabil-
ity. We also employ our method in an air pollution
application.

2 RELATED WORK

There are various change point detection methods based
on the compatibility between the statistical feature
shifts they detect and the characteristics of the data.
Likelihood ratio methods compare the probability den-
sity of two consecutive intervals of the time series data
and the significant difference in the probability density
implies the change point. One representative estimator
is the relative unconstrained least-squares importance
fitting (RuLSIF) in [Yamada et al., 2013] and [Liu et al.,
2013]. Kernel-based methods in [Harchaoui et al., 2008]
and [Harchaoui et al., 2009] utilize kernel-based test

statistics to test the homogeneity of sliding windows in
time series data. Other methods include Probabilistic
methods, Graph-based methods, clustering methods
and Subspace modeling. See [Chib, 1998], [Friedman
and Rafsky, 1979], [Keogh et al., 2001] and [Itoh and
Kurths, 2010], respectively. See [Aminikhanghahi and
Cook, 2017] for a survey. As discussed in the instruc-
tion section, such existing methods concentrate on joint
features associated with the whole time series, with
many assuming IID samples.

In addition to these methods, some change point detec-
tion techniques specifically target different challenges
or leverage additional information embedded in the
dataset. [Cho and Fryzlewicz, 2015, Barigozzi et al.,
2018, Kovács et al., 2023] introduced methods for de-
tecting multiple change points in high-dimensional time
series. [Killick et al., 2012, Maidstone et al., 2017] focus
on increasing the computational efficiency. [Safikhani
and Shojaie, 2022] proposed a method for estimat-
ing structural change points and parameters in high-
dimensional piecewise VAR models. [Qiu et al., 2012]
applied Granger causality for anomaly detection in
time series data. [Bardet et al., 2010, Diop and Kengne,
2022] detect change points in a large class of causal
time series models including AR(1), ARCH(1) and
TARCH(1) models. More recently, [Huang et al., 2024]
introduced a change point detection method within the
context of a response variable Y and covariates X,
assuming a linear SCM that generates Y from X.

To the best of our knowledge, no other non-parametric
change point detection models are capable of identi-
fying shifts in causal mechanisms without imposing
constraints on the form of the mechanism.

Additionally, there is a noteworthy "bonus" contribu-
tion to the field of causal discovery. Our change point
detection algorithm, when integrated with a postpro-
cessing causal discovery step, is, to our knowledge, the
first non-parametric method capable of learning sudden-
shift causal structures from non-stationary time series
data without assuming strict periodicity as in [Gao
et al., 2023]. More related work on this contribution
can be found in Appendix B.

3 CAUSAL-RuLSIF: DETECTING
CHANGE POINT IN A CAUSAL
TIME SERIES

In this section, we present the framework and problem
formulation for change point detection in causal time
series, including the key assumptions.
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Figure 1: An illustration of collecting time series segments (Def.3.3) in Causal-RuLSIF. a). The Causal Graph of
a 3-variate binary time series V = {X1,X2,X3} with a Mechanism-Shift SCM (Def.3.1), where c1 = c2 = c3 = 1,
indicating one change point in each univariate time series. Note that the location of change points can differ
across univariate time series. E.g., the change point for Xj , where j 2 [3], is denoted as T j

c , and in this case
T 1
c 6= T 2

c = T 3
c . The edges of different colors represent distinct causal mechanisms. E.g., for X1, the causal

mechanism indicated by the brown edges shifts to a different causal mechanism represented by the blue edges at
the time point T 1

c . There are no restrictions on the causal mechanisms. E.g., for X1, the two causal mechanisms
before and after T 1

c differ in both the parent sets and the deterministic function f1,t(·); we refer to this scenario
as hard mechanism change. In contrast, for X2, the two causal mechanisms differ only in f2,t(·) while the
parent set remains invariant over time; we refer to this situation as soft mechanism change. b). Construction
of a time series segment for X3. With PA(X3

t<T 3
c
) = {X1

t�1, X
3
t�1}, PA(X3

t�T 3
c
) = {X2

t�1, X
3
t�1}, leading to

SPA(X3
t ) = PA(X3

t<T 3
c
)[PA(X3

t�T 3
c
) for all t (Def.3.2). Given that |SPA(X3

t )| = 3 and the domain size of binary
variables is 2, one specific configuration of SPA(X3

t ) is {0, 0, 0}. To form the corresponding time series segment,
we need to collect all variables X3

t 2 X3 for which t satisfies spa(X3
t ) = {X1

t�1 = 0, X2
t�1 = 0, X3

t�1 = 0}. c).
Collection of 8 time series segments for X3 as there are total 8 parents’ configurations, starting from {0, 0, 0},
{0, 0, 1}, {0, 1, 0}, and continuing to {1, 1, 1}.

3.1 Preliminaries

Let G(V,E) denote the underlying causal graph. The
set of all incoming neighbors for each variable X 2 V
is defined as the parent set, denoted by PA(X). For
any X,Y 2 V and S ⇢ V , we denote the conditional
independence: X is independent of Y conditioned on
S, by X ?? Y | S.

For simplicity, let’s define sets: [b] := {1, 2, ..., b} and
[a, b] := {a, a + 1, ..., b}, where a, b 2 N. Let Xj

t 2
R represent the variable of jth component univariate
time series at time t; Xj = {Xj

t }t2[T ] 2 RT denote a
component univariate time series which is a component
in multivariate time series V and Xt = {Xj

t }j2[n] 2 Rn

denote a slice of all variables at time point t. Note
that V = {Xj}j2[n] = {Xt}t2[T ] 2 Rn⇥T represents
a n-variate time series, where it can be interpreted
either as a collection of n univariate time series (viewed
horizontally) or as a sequence of time slices across all

variables (viewed vertically). By default, we assume
n > 1 and hence Xj ( V , and p(V ) 6= 0, where p(.)
denotes the probability. For discrete-valued time series
V , we assume that the domain of each component
Xj ( V , denoted by D = {d1, · · · , ds}, is the same,
that is, Xj

t 2 D for all j 2 [n] and t 2 [T ].

In this paper, the subscript notation over {·} indicates
that the elements within {·} are aggregated across all
values of the subscripts.

As PA(Xj
t ) represents a set containing random vari-

ables, pa(Xj
t ) refers to one specific configuration. Con-

sider PA(Xj
t ) = {Xi1

t1 , X
i2
t2 , · · · } where 1  i1 

i2  · · ·  n and T � t1 � t2 � · · · � 1. E.g.,
pa(X) = {1, 0, 1, 2, · · · } corresponds to a particular con-
figuration (or instantiation). We assume that the config-
uration set is ordered by the parent set {Xi1

t1 , X
i2
t2 , · · · },

prioritizing ascending variable indices over descending
time indices.
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We start by defining a type of Structural Causal Model
(SCM) that captures our setting.
Definition 3.1 (Mechanism-Shift SCM). A

Mechanism-Shift SCM is a tuple M = hV,F , E ,Pi
where there exists a ⌧max 2 N+

, defined as:

⌧max := max{⌧ : Xi
t�⌧ 2 PA(Xj

t ), i, j 2 [n], t 2 [T ]},
such that each variable Xj

t>⌧max
2 V is a deterministic

function of its parent set PA(Xj
t>⌧max

) 2 V and an

unobserved (exogenous) variable ✏jt>⌧max
2 E:

Xj
t = fj,t(PA(X

j
t ), ✏

j
t ), j 2 [n], t 2 [⌧max + 1, T ], (1)

and for each j 2 [n], there exists an ascending sequence

of time points {T j
1 , T

j
2 , · · · , T

j
cj} with cj 2 N+, ⌧max <

T j
1 < · · · < T j

cj < T such that:

a) fj,t1 = fj,t2 , if 8c 2 [cj ] s.t. T j
c /2 [t1, t2]; (2)

b) fj,t1 6= fj,t2 ,

if 9c 2 [cj ] s.t. T j
c�1  t1 < T j

c  t2 < T j
c+1; (3)

c) PA(Xj
t1) = {Xi

t1�s : X
i
t2�s 2 PA(Xj

t2), i 2 [n]},
if 8c 2 [cj ] s.t. T j

c /2 [t1, t2]; (4)

d) ✏jt are i.i.d. 8t 2 [T ]. (5)

are satisfied for all t1, t2 2 [⌧max + 1, T ], where

fj,t, fj,t1 , fj,t2 2 F and {✏jt}t2[T ] are jointly indepen-

dent with probability measure P. ⌧max is the finite

maximal lag in the causal graph G. Define T j
0 := ⌧max

and T j
cj+1 = T .

This indicates that within the univariate time series Xj

in V , there is a finite number of change points, denoted
by cj . The variables in Xj before and after each change
point should exhibit distinct causal mechanisms, as
illustrated in b), without overlapping with other change
points. Two variables in Xj that do not span any
change points should share the same function and time-
shift invariant parents, as depicted in a) and c). An
instance of this model is shown in Fig. 1a).
Definition 3.2 (Illusory Parent Sets). For a uni-

variate time series Xj 2 V with Mechanism-Shift

SCM having change points {T j
1 , T

j
2 , · · · , T

j
cj} with cj 2

N+, ⌧max < T j
1 < · · · < T j

cj < T , parent set index

pIndjk2[cj+1] is defined as:

pIndjk := {(⌧i, yi)}i2[m], given

PA(Xj
t ) = {Xy1

t�⌧1 , X
y2
t�⌧2 , ..., X

ym
t�⌧m}, (6)

for all t 2 [T j
k�1, T

j
k ], where m = |PA(Xj

t ))|, ⌧i is the

time lag and yi is the variable index; set T j
0 = ⌧max

and T j
cj+1 = T . Given pIndjk, Illusory Parent Sets are

defined as:

PAk(X
j
t ) =

�
Xyi

t�⌧i : (⌧i, yi) 2 pIndjk
 
,

8k 2 {k : t /2 [T j
k�1, T

j
k ]} (7)

Essentially, the illusory parent sets of Xj
t are time-

shifted versions of the parent sets of other variables in
Xj that exhibit different causal mechanisms than Xj

t

across change points. These sets generalize a concept
described in [Gao et al., 2023]. There should be cj

illusory parent sets for each variable Xj
t .

For simplicity, we extend Illusory Parent Sets to also
include the true parent set of Xj

t , resulting in each
variable Xj

t having cj + 1 illusory parent sets, one of
which is PA(Xj

t ). The term illusory now indicates that
these parent sets may not exist for t but must be valid
for some t0 2 [T ].

Further, we define the union parent set as:

SPA(Xj
t ) := [k2[cj+1]PAk(X

j
t ), t 2 [⌧max + 1, T ] (8)

E.g., in Fig. 1a), PA(X1
t ) = {X1

t�1, X
2
t�2} with

t < T 1
cp and PA(X1

t ) = {X1
t�1, X

1
t�3, X

3
t�1} with

t � T 1
cp. As c1 = 1, we have two illusory par-

ent sets with index k 2 [c1 + 1]. Specifically,
the two illusory parent sets of X1 are PA1(X1

t ) =
{X1

t�1, X
2
t�2} and PA2(X1

t ) = {X1
t�1, X

1
t�3, X

3
t�1},

leading to SPA(X1
t ) = {X1

t�1, X
1
t�3, X

2
t�2, X

3
t�1}.

Definition 3.3 (time series segments). For a univari-

ate discrete-valued time series Xj 2 V with Mechanism-

Shift SCM having change points set {T j
1 , T

j
2 , · · · , T

j
cj}

with cj 2 N+, ⌧max < T j
1 < · · · < T j

cj < T , and finite

domain set D = {d1, d2, · · · , ds}, the time series seg-

ments are a collection of non-overlapping non-empty

subsets {Xj(⇤)}
⇤2[s|SPA(X

j
t )|]

such that:

Xj(⇤) := {Xj
t : t 2 [⌧max + 1, T ], pa(Xj

t ) = ⌃j
⇤},

⇤ 2 [s|SPA(Xj
t )|]. (9)

Here, ⌃ represents the configuration matrix of

SPA(Xj
t ), with each row representing a unique con-

figuration of SPA(Xj
t ). ⇤ refers to the row index of

one specific configuration in ⌃. Since the domain size

is |D| = s, ⌃ has s|SPA(Xj
t )| rows, representing all pos-

sible configurations of SPA(Xj
t ). Based on the above

definition, we can observe that:

[

⇤2[s|SPA(X
j
t )|]

{Xj(⇤)} = Xj , (10)

\

⇤1 6=⇤22[s|SPA(X
j
t )|]]

{Xj(⇤1), X
j(⇤2)} = ;. (11)

In summary, the time series segments {Xj(⇤)} par-
tition Xj into multiple non-overlapping, non-empty
sub-time series, conditioned on the configurations of
the union parent set SPA(Xj

t ). Variables Xj
t within the

same Xj(⇤) share identical configurations of SPA(Xj
t ).

In Fig. 1b) and 1c), X3 is divided into 8 time series
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segments, with each segment having the same configu-
ration spa(X3

t ). Refer to Appendix A.1 for a detailed
example.

RuLSIF: Robust Distributional Distance Esti-
mation. Given two distributions p(·) and p0(·) defined
over the same support, there exist many metrics mea-
suring the distance between them. In [Yamada et al.,
2013], the authors proposed a method named RuLSIF,
with an ↵-relative divergence estimation r↵(x) and a
corresponding metric, ↵-relative Pearson Divergence
PE↵ defined as following:

r↵(x) :=
p(x)

(1� ↵)p(x) + ↵p0(x)
:=

p(x)

q↵(x)
(12)

PE↵ :=
1

2
Ex⇠q↵ [(r↵(x)� 1)2] (13)

where ↵ is a parameter used to bound r↵(x).

In our work, we innovatively introduce a dynamic pa-
rameter, �i, within the shifting window framework,
rather than relying solely on a fixed hyperparameter ↵
in PE↵. The parameter �i represents the concentration

of the distribution p0(x) within a mixture distribution,
where i denotes the window index.

As the shifting window moves from t = 0 to t = T
with a window size of 2nw and a stride size of nst, the
window index i increases. Notably, �i transitions from
0 to 1 when the shifting window crosses a change point.
Specifically, if a change point occurs in the second half
of the window, the samples in that half are drawn from
a mixture distribution represented by (1 � �i)p(x) +
�ip0(x). Here, �i indicates the proportion of samples
in the second half derived from p0(x), reflecting the
change in the underlying distribution of data as the
window shifts.

Based on this, the dynamic density ratio and the cor-
responding Pearson Divergence (PE) score are defined
as follows:

r↵�i(x) :=
p(x)

(1� ↵�i)p(x) + ↵�ip0(x)
:=

p(x)

q↵�i(x)
(14)

PE↵�i
:=

1

2
Ex⇠q↵�i

[(r↵�i(x)� 1)2] (15)

Further details on dynamic RuLSIF, including the ra-
tionale for its selection as the metric and the official
definition of �i are provided in Appendix A.2.

Assumptions. We highlight three key assumptions
here: (1) For any univariate time series, there is at most
one change point, or if multiple change points exist, the
temporal distance between any two must be at least �c.
(2) There is a lower bound on the dynamic PE diver-
gence. (3) The number of change points is known. The
first assumption ensures that multiple change points
do not have a cancellation effect making it difficult to

identify the change point. The second assumption is
commonly applied in distributional distance estima-
tion, particularly in finite sample and discrete settings.
The third assumption offers theoretical guarantees but
can be relaxed in practice, as demonstrated by the
experimental results. The formalization of these three
assumptions is provided in Appendix A.3 , which also
includes other assumptions established in prior works.

4 CAUSAL-RuLSIF ALGORITHM

In this section, we first introduce an algorithm named
Causal-RuLSIF. We then demonstrate the correctness
of Causal-RuLSIF in accurately estimating the change
point within a specified confidence interval. Finally,
we provide a computational complexity analysis, high-
lighting both the contribution of the algorithm and its
limitations.

Overview of Algorithm 1 Causal-RuLSIF: Please
note that in this section, we assume a maximum of
one change point per univariate time series; however,
the framework can be easily extended to accommodate
multiple change points. The parameters nw, nst, and
↵ are set at the beginning. The value of ⌧ub estab-
lishes the upper bound for the search space of ⌧max

in PCMCI. Each component Xj , where j 2 [n], is
analyzed sequentially.

Using PCMCI [Runge et al., 2019], we obtain dSPA(Xj
t )

for each variable Xj
t 2 Xj (line 2). To ensure balanced

samples as required in Theorem A.1, PCMCI is applied
to non-overlapping consecutive intervals, and the edges
obtained are collected. Based on the parent configura-
tions of dSPA(Xj

t ), we construct time series segments
denoted as {Xj(⇤)}⇤.

Next, we apply dynamic RuLSIF on sliding windows
over {Xj(⇤)}⇤, resulting in the divergence series rep-
resented by {dPE

j,⇤

↵�i
}i,⇤ (lines 6-8). Note that the

number of divergence series corresponds to the number
of time series segments. The change point estimator,
denoted as bT j

c , is the window index i that maximizes
{dPE

j,⇤

↵�i
}i,⇤ (lines 9-10).

Since bT j
c represents the window index within the time

series segments rather than the original time index in
Xj , it must be projected back to Xj . The final change
point estimator is then defined as eT j

c (line 11). After
obtaining an accurate estimator bT j

c , as established in
Theorem 4.2, one may optionally run PCMCI on the
samples Xj

t before and after the change point eT j
c to

fully learn the underlying causal graph.
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Algorithm 1 Causal-RuLSIF
1: Input: A n-variate time series V = (X1, · · · ,Xn)

with domain set D = {d1, ...ds}. Set appropriate
⌧ub, nw, nst and ↵.

2: A superset of the parent set is obtained using
PCMCI with ⌧ub and denote it by dSPA(Xj

t ) 8j, t.
3: for Xj where j 2 [n] do
4: cPA(Xj

t ) dSPA(Xj
t )

5: Construct {Xj(⇤)} based on configurations of
dSPA(Xj

t ).
6: for Xj(⇤) where ⇤ 2 [s|

dSPA(Xj
t )|] do

7: Store divergence score series {dPE
j,⇤

↵�i
} with

RuLSIF on sliding windows shifting over Xj(⇤)
where i 2 [bTsub�2nw

nst
c+ 1] and Tsub := |Xj(⇤)|.

8: end for
9: b⇤  arg⇤ max{dPE

j,⇤

↵�i
}i,⇤ B Pick the ⇤th

time series segments whose maximum value over
all segments is maximum.

10: bT j
c  argi max{dPE

j,b⇤
↵�i

}i B Pick the ith
window index with maximum PE score on Xj(b⇤).

11: Project bT j
c , where j 2 [n], back to the original

time series Xj with eT j
c = 1

2 (tbT j
c
+ tbT j

c +1), where
tbT j

c
is the time index in X corresponding to the

midpoint of the window indexed by bT j
c in Xj(b⇤).

12: Consider Xj
t�⌧ 2 cPA(Xj

t ). Remove
Xj

t�⌧ from cPA(Xj
t ) if Xi

t�⌧ ?? Xj
t |⇣

[SPA(Xj
t ) [[SPA(Xi

t�⌧ )
⌘

\ Xi
t�⌧ on samples

{Xj
t }t<eT j

c
and {Xj

t }t�eT j
c

respectively.
13: end for
14: return eT j

c and cPA(Xj
t ) 8j, t.

4.1 Theoretical Guarantees

Theorem 4.1 establishes that if the window Wi only con-
tains samples from a single causal mechanism, meaning
there is no change point included in this window, the
estimated relative Pearson Divergence dPE↵�i is close
to zero with high probability. Theorem 4.2 provides a
confidence interval for the change point estimator bT j

c .
Proofs can be found in Appendix A.4.

Theorem 4.1. Let {dPE↵�i}i be the estimated PE

series for one time series segment Xj(⇤) ( Xj ( V
and T j

c denote the true change point in this time series

segments. Under certain assumptions, we have that

8i 2 {i : inst + 2nw � 1 < T j
c }

Pr
�
max{dPE↵�i}i < o(1)

�
> 1� aw � 2

bst log Tsub
� aw

Tsub
,

where bst = b log Tsub

nst
c, aw = dTsub

nw
e and Tsub :=

|Xj(⇤)|.

The window index i satisfying inst + 2nw � 1 < T j
c

guarantees that all the samples in Wi are collected
from the same distribution. Theorem 4.1 states that
the maximum estimated PE divergence series obtained
from such windows are bounded by any positive con-
stant with probability 1� aw�2

bst log Tsub
� aw

Tsub
given large

enough nw. Note that aw and bst are constants whose
specific values are determined by the chosen window
2nw and stride size nst.
Theorem 4.2. Let {dPE↵�i}i be the estimated PE

series for one time series segment Xj(⇤) ( Xj ( V
and T j

c denote the true change point in this time series

segments. bT j
c denotes the estimator of T j

c obtained by:

bT j
c = argi max{dPE↵�i}i (16)

Under certain assumptions, we have that given large

enough nw, 8i 2 [⌧max + 1, T ]

Pr
�
| bT j

c � T j
c | < 2nw

�
>

✓
1� aw � 2

bst log Tsub
� aw

Tsub

◆✓
1� 1

nw

◆
. (17)

where bst = b log Tsub

nst
c, aw = dTsub

nw
e, and Tsub :=

|Xj(⇤)|.

The change point estimator has an estimation error
smaller than the total window size with a known prob-
ability.

4.2 Computational Complexity Analysis

There is a trade-off between computational complexity
and result accuracy in the proposed algorithm, with a
preference for the latter when significant causal rela-
tionships exist. The proposed algorithm functions in
two distinct phases as follows:

Phase One (causal discovery) focuses on uncovering the
underlying causal structure of the entire non-stationary
time series. Phase Two (change point detection) cen-
ters on change point detection within each time series
segment, leveraging the causal structures estimated in
Phase One.

In Phase One, the worst-case computational com-
plexity in PCMCI [Runge et al., 2019] is given by
n3⌧2max + n2⌧max total conditional independence tests.
The running time of PCMCI is then scaled by the time
series length T and the size of the conditioning set in
conditional independence tests.

In Phase Two, the leading term of the asymptotic
convergence rates of dPE is n�1/2

w , as discussed in [Ya-
mada et al., 2013]. In our algorithm, each time series
segment contains a total of

j
Tsub�2nw

nst

k
+ 1 sliding win-

dows, which implies that the number of dPE estimates
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is also
j
Tsub�2nw

nst

k
+1. Consequently, the total number

of estimators {dPE
j,⇤

↵�i
}i,⇤ for Xj with j 2 [n] can be

expressed as:

|{dPE
j,⇤

↵�i
}i,⇤| ⇡ (

6664
T

|s|[SPA(X
j
t )||
� 2nw

nst

7775+ 1)|s|[SPA(Xj
t )||

(18)

The RuLSIF method for estimating relative PE diver-
gence is computationally efficient as the optimization
process utilizes a kernel-based approach with a square
loss.

The complexity of Phase One increases cubically with
increasing dimensions of n. Compared to existing
high-dimensional methods in [Killick et al., 2012] and
[Kovács et al., 2023], the computational complexity of
Phase Two depends on the sparsity of the underlying
causal structure among the n-variate time series, rather
than directly on n. If the causal structure is sparse, the
complexity of Phase Two remains unaffected. Specifi-
cally, for a target time series Xj , adding one more time
series Xi does not increase the complexity of detecting
change points in Xj , assuming there are no time-lagged
causal effects from Xi to Xj . This advantage distin-
guishes our approach from existing methods.

However, a limitation arises when the parent size of
each variable increases linearly with n, as the number of
time series segments for Xj in Phase Two will increase
exponentially with the size of the superset parent set
dSPA(Xj

t ).

As shown in Fig. 7(a) (Runtime for algorithms), the
additional computational time required by Causal-
RuLSIF, compared to RuLSIF, arises from Phase One
and the need to estimate the PE series across multiple
univariate time series segments (Phase Two), rather
than processing the entire time series like other base-
lines. This introduces a trade-off between analyzing
multiple univariate time series segments and handling
one high-dimensional data. The computational bur-
den is balanced with the advantages of segment-wise
analysis.

The complexity of Phase One scales with T , depending
on the specific choice of the conditional independence
(CI) test. As the proposed algorithm applied sliding
window techniques, the complexity of Phase Two in-
creases linearly with T , consistent with other methods
in [Killick et al., 2012] and [Kovács et al., 2023].

5 EXPERIMENTS

In this section, we present an empirical evaluation of
our approach compared to existing methods, using both
synthetic and real-world datasets. Section 5.1 analyzes
simulation results on binary multivariate time series,
while Section 5.2 offers a case study. The Python
code is provided at https://github.com/CausalML-
Lab/CausalCPD.

Sample efficiency presents a significant challenge for
our algorithm, given that Tsub ⇡ T/|s|[SPA(Xj

t )||. To
address this issue, we either implement the k-PC algo-
rithm from [Kocaoglu, 2024] or directly constrain the
candidate parent set using the top-K causal strengths
derived from the PCMCI algorithm. These enhance-
ments enable our algorithm to effectively handle non-
binary discrete-valued multivariate time series with
larger domain sizes (D > 2) and a greater number
of component time series (n > 3). Comprehensive
experimental results are provided in Appendix E.

Additionally, we extend our approach to detect multiple
change points with prior knowledge of their quantity
(Assumption A8). The experimental results and cor-
responding theoretical guarantees are also available in
Appendix F.

5.1 Simulations on binary multivariate time
series

In this section, we have five baseline algorithms, in-
cluding RuLSIF algorithm in [Liu et al., 2013], tradi-
tional method change in mean (CIM) in [Vostrikova,
1981], changeforest algorithm (RF) in [Londschien et al.,
2023], ecp algorithm in [James and Matteson, 2013]
and kscp3o algorithm in [Zhang et al., 2017]. All ex-
perimental code will be available online.

The details of synthetic binary time series generation
can be found in Appendix C.

We have two methods to evaluate the performance of
the algorithms. The first method is to calculate the
estimation error using |eT j

c �T j
c |

T . The second method is
to construct an ROC curve by setting an interval length,
denoted as 2Q. With the change point estimator eTc

and interval length Q, we increment a counter by 1
if the true change point T j

c falls within the interval
[ eT j

c �Q, eT j
c +Q]. This count is then averaged over the

total number of univariate time series in the 100 random
trials. This is a common metric for measuring the
performance of the change point detection algorithm,
as described in [Liu et al., 2013] and [Harchaoui et al.,
2008].

Please note that in the RuLSIF method, the kernel
width � and the regularization parameter in the kernel
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(a) Influence of |SPA(Xj
t )| on estimation error (b) ROC curves for different |SPA(Xj

t )|

Figure 2: Causal-RuLSIF is tested on 3-multivariate time series with T = 6000, ⌧max = 4, nw = 50, nst = 1
with soft mechanism change. Every line with a different color corresponds to a different algorithm and different
linestyle corresponds to a different setting. Xj in the legend means the algorithm is applied to each univariate
time series while V means the algorithm is used for the whole n-variate time series V . Every marker corresponds
to the average error or average accuracy rate over 100 random trials. The error bar represents the standard error
for the averaged statistics. a) Influence of |SPA(Xj

t )| on estimation error |eT j
c �T j

c |
T . b) ROC curves for different

|SPA(Xj
t )|.

function are typically chosen using cross-validation, as
outlined in [Liu et al., 2013] and [Harchaoui et al., 2008].
This approach is justified, as high-dimensional data
can render these parameters more sensitive. However,
for binary time series, cross-validation may not be
necessary when applying our method, Causal-RuLSIF.
One possible reason is that our algorithm avoids the
complexities associated with high-dimensional data V
by focusing on the analysis of one-dimensional time
series segments Xj(⇤) ( V . As shown in Fig.2(a)
and Fig.2(b), the red line represents our algorithm.
With or without the cross-validation technique does
not influence its performance. For RuLSIF, the cross-
validation (cv) and no cross-validation (non-cv) do not
overlap.

For all the baselines, we either apply them to the entire
n-variate time series or to each component Xj . In
the former scenario, multiple change point estimations
are expected, making it difficult to determine which
corresponds to which univariate time series. For the
RuLSIF method, we select the estimations with the
top n change scores and randomly assign them to each
univariate time series. Regarding RF, CIM, ecp, and
kscp3o, even if the optimal estimations are selected
when T j

c is known, their performance does not surpass
ours. In the case of RF and CIM, the change point
detection relies on the significance of certain statistics.
If these methods fail to detect any change point, we
set the estimated change point to T .

From Fig.2(a) and Fig.2(b), Causal-RuLSIF is not op-

timal when |SPA(Xj
t )| = 1. In this scenario, each

variable Xj
t only receives an incoming edge from its

only parent Xj
t�1, indicating no correlation among dif-

ferent time series. This special structure makes certain
baselines more advantageous, particularly considering
the potential false positive edges identified by the pro-
posed algorithm, which lacks prior knowledge of the
absence of correlations and limited sample size. There-
fore, it is reasonable for some baselines to exhibit better
performance when applied individually to each time
series.

However, when |SPA(Xj
t )| > 1, our algorithm outper-

forms others, as it focuses on shifts in causal mech-
anisms given other time series. The performance of
Causal-RuLSIF decreases as |SPA(Xj

t )| increases be-
cause the effective sample size decreases with the num-
ber of parent configurations, which is 2|SPA(Xj

t )| for
binary time series.

Additional experiments on hard mechanism change, the
impact of nw, the relative location of T 1

c and T 2
c , and

runtime analysis are provided in Appendix D.

From Fig.3(a) and Fig.3(b), it is evident that increasing
the length T of the time series V enhances the perfor-
mance of Causal-RuLSIF, thus practically validating
the consistency of the algorithm.

5.2 Case Study

Here, we construct an experiment with a real-world air
pollution dataset. This dataset monitors the amount
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(a) Influence of T on estimation error (b) ROC curves for different T

Figure 3: Causal-RuLSIF is tested on 3-multivariate time series with |SPA(Xj
t )| = 3, ⌧max = 4, nw = 50, nst = 1

with soft mechanism change. Every line with a different color corresponds to a different algorithm and different
linestyle corresponds to a different setting. Xj in the legend means the algorithm is applied to each univariate
time series while V means the algorithm is used for the whole n-variate time series V . Every marker corresponds
to the average error or average accuracy rate over 100 random trials. The error bar represents the standard error
for the averaged statistics. a) Influence of T on estimation error |eT j

c �T j
c |

T . b) ROC curves for different T .

Table 1: Causal-RuLSIF in PM10 dataset
X eT j

c
cPA(Xj

t<eT j
c
); cPA(Xj

t�eT j
c
)

XFr 05/08/23 {XFr
t�1}; {XFr

t�1,t�2,t�3}
XMono 02/01/23 {XMono

t�1 }; {XMono
t�1,t�2, X

Mont
t�3 }

XMont 04/04/23 {XMont
t�1 };{XMont

t�1 }

of PM10 (coarse particles with a diameter between 2.5
and 10 micrometers) in the air. The 3-variate time
series data records the hourly concentration of PM10
across three counties in California—Fresno, Mono and
Monterey—from Jan to June 2023. There are a total
of 4305 samples. Let XFr, XMono and XMont denote
the indicators of PM10 exceeding 10 across the three
counties.

Using Causal-RuLSIF, the change point estimators eT j
c

for each Xj where j 2 [3] are shown in the Table 1,
along with the parent sets before and after the esti-
mated change point.

Based on the results, assuming there is one change
point in PM10 concentration in Fresno, Mono, and
Monterey during the first half of 2023, the causal mech-
anism of PM10 in Fresno is likely to shift on May 8,
2023. Additionally, while the PM10 levels in Fresno
and Monterey are not influenced by other counties, a
causal link from Monterey to Mono has emerged after
February 2, 2023.

Without the ground truth and relevant knowledge
about air pollution and other climate-related informa-

tion, it is difficult to determine the significance of the
case study results. We hope this real data application
can offer insights for experts in other fields on detect-
ing change points in causal mechanisms in practice.
Additional case studies can be found in Appendix G.

6 CONCLUSION

In this paper, we introduced a novel change point detec-
tion algorithm, Causal-RuLSIF, to identify significant
changes in causal mechanisms for discrete-valued time
series data. By integrating a post-processing causal
discovery stage with a novel dynamic divergence esti-
mation, our algorithm accurately detects when causal
mechanism shifts occur without imposing constraints
on the form of the shift. We provide a theoretical un-
certainty analysis of the change point estimator. Our
empirical evaluation demonstrates the consistency and
robustness of the proposed algorithm. The limitations
of the algorithm are discussed in Appendix H.
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CHECKLIST

In your paper, please delete this instructions
block and only keep the Checklist section head-
ing above along with the questions/answers be-
low.

1. For all models and algorithms presented, check if
you include:

(a) A clear description of the mathematical set-
ting, assumptions, algorithm, and/or model.
[Yes/No/Not Applicable]

(b) An analysis of the properties and complexity
(time, space, sample size) of any algorithm.
[Yes/No/Not Applicable]

(c) (Optional) Anonymized source code, with
specification of all dependencies, including
external libraries. [Yes/No/Not Applicable]

2. For any theoretical claim, check if you include:

(a) Statements of the full set of assumptions of all
theoretical results. [Yes/No/Not Applicable]

(b) Complete proofs of all theoretical results.
[Yes/No/Not Applicable]

(c) Clear explanations of any assumptions.
[Yes/No/Not Applicable]

3. For all figures and tables that present empirical
results, check if you include:

(a) The code, data, and instructions needed to re-
produce the main experimental results (either
in the supplemental material or as a URL).
[Yes/No/Not Applicable]

(b) All the training details (e.g., data splits,
hyperparameters, how they were chosen).
[Yes/No/Not Applicable]

(c) A clear definition of the specific measure or
statistics and error bars (e.g., with respect to
the random seed after running experiments
multiple times). [Yes/No/Not Applicable]

(d) A description of the computing infrastructure
used. (e.g., type of GPUs, internal cluster, or
cloud provider). [Yes/No/Not Applicable]

4. If you are using existing assets (e.g., code, data,
models) or curating/releasing new assets, check if
you include:

(a) Citations of the creator If your work uses
existing assets. [Yes/No/Not Applicable]

(b) The license information of the assets, if appli-
cable. [Yes/No/Not Applicable]

(c) New assets either in the supplemental mate-
rial or as a URL, if applicable. [Yes/No/Not
Applicable]

(d) Information about consent from data
providers/curators. [Yes/No/Not Applicable]

(e) Discussion of sensible content if applicable,
e.g., personally identifiable information or of-
fensive content. [Yes/No/Not Applicable]

5. If you used crowdsourcing or conducted research
with human subjects, check if you include:

(a) The full text of instructions given to partici-
pants and screenshots. [Yes/No/Not Applica-
ble]

(b) Descriptions of potential participant risks,
with links to Institutional Review Board (IRB)
approvals if applicable. [Yes/No/Not Appli-
cable]

(c) The estimated hourly wage paid to partici-
pants and the total amount spent on partici-
pant compensation. [Yes/No/Not Applicable]
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Causal Discovery-Driven Change Point Detection in Time Series:
Supplementary Materials

Appendix Outline

In Section A, Section A.1 provides a toy example of time series segments. Section A.2 introduces the proposed
dynamic relative PE divergence and explains our rationale for modifying relative PE divergence in our algorithm.
In Section A.3, assumptions are stated. Section A.4 contains detailed proofs of theorems. Section B discusses
related work on causal discovery methods.

Details of the simulated time series generation process can be found in Section C. Additional experimental results,
continuing from the experiment section in the main paper, are presented in Section D. Section E addresses
sample efficiency issues in practice, and Section F extends our algorithm to handle multiple change point cases.
A cautionary case study demonstrating the necessary requirements of our algorithm is provided in Section G.
Finally, the limitations are discussed in Section H.

A Preliminaries

A.1 Time Series Segments

In Fig. 1a), for X1, SPA(X1
t ) = {X1

t�1, X
1
t�3, X

2
t�2, X

3
t�1}. Assuming V is binary time series with D = [0, 1], we

have:

⌃1 :=

X1
t�1 X1

t�3 X2
t�2 X3

t�12

6664

3

7775

1 0 0 0 0
2 1 0 0 0
3 0 1 0 0

· · · · · · · · · · · · · · ·
s|SPA(X

j
t )| 1 1 1 1 s|SPA(Xj

t )| ⇥ |SPA(Xj
t )|

(19)

With s = |D| = 2 and |SPA(Xj
t )| = 4, there are 16 = 24 configurations of SPA(Xj

t ). Hence there are
16 time series segments of X1. More specifically, X1(1) := {Xj

t : t 2 [⌧max + 1, T ], pa(Xj
t ) = [0, 0, 0, 0]},

X1(2) := {Xj
t : t 2 [⌧max + 1, T ], pa(Xj

t ) = [0, 1, 0, 0]} and so on. For X3, SPA(X3
t ) = {X1

t�1, X
2
t�1, X

3
t�1} and

hence there are total 23 = 8 configurations. Fig.1b) shows the construction of X3(1) and Fig.1c) illustrates 8
total time series segments of X3.

A.2 RuLSIF: Robust Distribution Comparison

Given two distributions p(·) and p0(·) defined over the same support, there exist many metrics measuring the
distance between them. In [Yamada et al., 2013], proposed a method named RuLSIF, with an ↵-relative divergence
estimation r↵(x) and a corresponding metric, ↵-relative Pearson Divergence PE↵ defined as following:

r↵(x) :=
p(x)

(1� ↵)p(x) + ↵p0(x)
:=

p(x)

q↵(x)
(20)

PE↵ :=
1

2
Ex⇠q↵ [(r↵(x)� 1)2] (21)

where ↵ is a parameter used to bound the value of r↵(x). With IID samples, we can obtain a direct density-ratio
estimator r̂↵(x) using a kernel function, by minimizing a squared loss function. The estimator has been proven to
have a non-parametric convergence speed. In [Liu et al., 2013], the method was applied to tackle the change point
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detection problem in time series using sliding windows. By dividing the time series into retrospective segments, a
sequence of PE divergence estimated by the RuLSIF method is obtained by assessing the distribution divergence
between samples from two consecutive segments. Peaks in the divergence score PE↵ can indicate change points
within the joint distribution. The retrospective segments in [Liu et al., 2013] are high-dimensional, even for
univariate time series V .

In our proposed method, we also utilize sliding windows. However, since the focus shifts from the joint distribution
to the causal mechanism, we do not construct high-dimensional retrospective segments from V . Instead, we create
one-dimensional consecutive segments on the time series segments for each Xj ( V . This approach avoids the
Curse of dimensionality and enhances the method’s robustness to the hyperparameters in the kernel functions, as
will be verified in the experiment section.

Since we construct time series segments in our framework, the samples are IID. The distributions that need to be
compared are formalized as follows:

p(Xj
t1 |spa(X

j
t1) = ⌃⇤) vs p(Xj

t2 |spa(X
j
t2) = ⌃⇤) (22)

where ⇤ 2 [s|SPA(Xj
t )|], t1 < Tc and t2 � Tc.

To simplify matters, we use p(x) to denote p(Xj
t1 |spa(X

j
t1) = ⌃⇤) and p0(x) represent p(Xj

t2 |spa(X
j
t2) = ⌃⇤) in

the rest of the paper.

Fig.4(a) provides a toy example illustrating how the sliding window operates on time series segments. A single
PE divergence score is generated using two sets of samples, one from each half of the window. As the sliding
window shifts from the start to the end of a time series segment, a PE divergence series is obtained. This series is
represented in each subplot in Fig. 4(b) and Fig. 4(c). Let Wi denote the ith window, where W 1

i represents the
first half and W 2

i represents the second half.

In the ith sliding window containing one change point, without loss of generality, assume that the change point
is within the second half, W 2

i , of the window. Thus, while the samples in W 1
i come from p(x), the samples in

W 2
i come from a mixture distribution (1� �i)p(x) + �ip0(x), where �i is the proportion of samples from p0(x)

within W 2
i . Note that �i is an unknown parameter, while i is the known window index. Therefore, it is more

accurate to denote the divergence score for the ith window as PE↵�i . To clarify, we will use PE↵�i instead. By
replacing p0(x) with (1� �i)p(x) + �ip0(x) in Eq.20, we obtain the ↵�i-relative divergence estimation r↵�i(x) and
the ↵�i-relative Pearson Divergence for the ith window:

r↵�i(x) :=
p(x)

(1� ↵�i)p(x) + ↵�ip0(x)
:=

p(x)

q↵�i(x)
(23)

PE↵�i
:=

1

2
Ex⇠q↵�i

[(r↵�i(x)� 1)2] (24)

and

�i := (1� Tc � (inst + nw)

nw
)1(Tc � inst � nw and Tc � inst < 2nw) (25)

where Tsub is the target time series segment, nw is the half window size and nst is the stride size.

Fig. 4(b) and Fig. 4(c) display the PE divergence series for a 3-variate time series with domain sizes 2 and
3, respectively. These series were generated by applying a shifting window to each segment of the univariate
time series Xj for j 2 [3]. In each figure, each subplot represents the PE divergence series for a single time
series segment, while the rows of subplots collectively show multiple PE divergence series for the corresponding
univariate time series Xj for j 2 [3]. Each PE divergence value is calculated from a window, forming the PE
divergence series by sliding the window from t = 0 to t = Tsub � 2nw.

The reasons we chose the ↵-relative density ratio PE as the fundamental divergence measure in our framework
are:

• One motivation for choosing relative PE divergence is that its asymptotic properties have been explored
in [Yamada et al., 2013], allowing us to directly use these properties in our theorem. In [Yamada et al.,
2013], the authors theoretically demonstrate that the ↵-relative PE divergence estimator, based on ↵-relative
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(a) The first time series segment X3(1) from Fig.1b) for X3

(b) ↵-relative Pearson (PE) divergence series for an one arbitrary 3-variate time series with domain size 2

(c) ↵-relative Pearson (PE) divergence series for an one arbitrary 3-variate time series with domain size 3

Figure 4: a) The first time series segment X3(1) from Fig.1b) for X3. This toy example illustrates the sliding
windows with nw, nst for {X3(⇤)}⇤2[8]. b) and c) illustrate the PE divergence series under different parent
configurations for an arbitrary 3-variate time series. The y-axis represents the PE score, and the x-axis represents
the index i of the shifting window. The plots are organized into three rows, each corresponding to a univariate
time series Xj , where j 2 [3]. Each column represents a particular parent configuration. For instance, there
are four configurations for X1, while X2 and X3 each have only two configurations in (b). The black vertical
line indicates the true bT j

c within that time series segment, and the red vertical line indicates the location of the
maximum estimated PE score through Causal RuLSIF. The yellow horizontal line represents the true PE score.

density-ratio approximation, offers a more favorable non-parametric convergence speed than the standard
density-ratio approach. Additionally, with a correctly specified parametric setup, the asymptotic variance of
the proposed ↵-relative PE divergence estimator remains independent of model complexity. This implies
that the proposed estimator resists overfitting, even when applied to complex models.

• As a squared-loss variant of KL divergence, PE divergence estimator is computationally cheaper than KL
divergence because it does not involve the log term. Compared to the unbounded density ratio r(x) = p(x)

p0(x)

in PE divergence, the ↵-relative density ratio r↵(x) =
p(x)

↵p0(x)+(1�↵)p(x) in ↵-relative PE divergence is always
bounded above by 1

↵ . Relative PE divergence converges faster than PE divergence.

• The hyperparameter ↵ in the ↵-relative PE divergence can be modified as a dynamic index in the shifting win-
dow framework, representing the ’mixture’ of two distributions. The denominator in r↵(x) =

p(x)
↵p0(x)+(1�↵)p(x)

can be interpreted as a mixture distribution. A varying ↵t can then act as a dynamic index for the "con-
centration" of p0(x) in this mixture as the shifting window moves from t = 0 to t = T . This change allows
for a transition from a static definition of ↵-relative PE divergence to a dynamic conditional Relative PE
divergence by incorporating �i, as defined in Eq. 25, making it more suitable for time series data.
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A.3 Assumptions

A1. Sufficiency: There are no unobserved confounders.

A2. Causal Markov Condition: Each variable X is independent of all its non-descendants, given its parents
PA(X) in G.

A3. Faithfulness Condition [Pearl, 1980]: Let P be a probability distribution generated by G. hG, P i satisfies
the Faithfulness Condition if and only if every conditional independence relation true in P is entailed by the
Causal Markov Condition applied to G.

A4. No Contemporaneous Causal Effects: Edges between variables at the same time are not allowed.

A5. Temporal Priority: Causal relations always point from the past to the future.

A6. Boundary Separation Assumption: There must be a minimum buffer period at both the beginning and
the end of the time series where change points cannot be detected. More specifically, the change point for
each time series Xj 2 V cannot occur within the specified window size nw.

A7. One change point per component time series/if multiple change points exist, the temporal
distance between any two must be at least �c: 8j, cj = 1, that is, each time series Xj 2 V has only
one change point/8j, if cj > 1, then 8c 2 [cj ], T j

c � T j
c�1 > �c.

A8. The number of change points is known.

A9. Minimum Pearson Divergence: For each Xj ( V , there should exist a window W i satisfying PE2
↵�i

>

kr↵�ik21 +
(1�↵�i)

2kr↵�i
k4
1

4 +
↵2�2

i kr↵�i
k4
1

4 in at least one time series segments Xj(⇤).

Assumptions A1-A5 are conventional and commonly employed in causal discovery methods for time series data.
Our approach requires specific Assumptions A6-A9 to be in place. To clarify, assumption A6 is essential because
our algorithm utilizes a series of sliding windows to obtain the divergence score by measuring the first half and the
second half of the samples within each window. If the change point is too close to the beginning or end of the time
series, the divergence score will not be significant enough to be detected. Assumption A7 is required since the
sliding windows are not directly applied on the original time series. Instead, multiple sub-time series are created
and hence it is hard to impose the constraint on the minimum distance among multiple change points, such as in
[Harchaoui et al., 2009], [Allen et al., 2018] and [Chen and Chu, 2023]. Assumption A8 provides a theoretical
guarantee. Assumption A9 is necessary for the proof, as it guarantees a significant difference between two distinct
causal mechanisms. This assumption is crucial because detecting the change point successfully becomes highly
unlikely if the two causal mechanisms are extremely similar.

A.4 Theoretical Guarantees

Theorem A.1 ensures that in the initial step of our algorithm, a superset of the true union parent set SPA(Xj
t )

can be obtained for all j 2 [n]. This guarantees the correct construction of time series segments Xj(⇤), with IID
samples. Theorem A.2 establishes that if the window Wi contains samples from a single conditional distribution,
the estimated relative Pearson Divergence dPE↵�i is close to zero with high probability. The lemma A.3 states that,
as nw increases, the estimated relative Pearson Divergence will be close to the true relative Pearson Divergence up
to some constant with high probability. The lemma A.4 shows that the relative Pearson Divergence will achieve
maximum if all the samples in the first half window are from one distribution denoted by p and the samples in
the second half window are all from another distribution denoted by p0. Theorem A.5 establishes a confidence
interval for the change point estimator bT j

c .

Theorem A.1. Let SPA(Xj
t ) denote the union parent set of Xj

t and dSPA(Xj
t ) denote the estimated union parent

set obtained from PCMCI algorithm on time series Xj
with a Mechanism-Shift SCM, and the change point T j

c

satisfies T j
c = T

2 . Under assumptions A1-A5,A7 and with an oracle (infinite sample size limit), we have that:

SPA(Xj
t ) ✓ dSPA(Xj

t ) (26)
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Theorem A.1 asserts that when samples are balanced, with half originating from one causal mechanism and the
remaining half from another, the estimated union parent set encompasses the true union parent set.

Proof. The proof follows the same logic as the Lemma 3.2 and 3.3 in [Gao et al., 2023]. In the semi-stationary
SCM, the samples are from multiple causal mechanisms and due to periodicity, heterogeneous samples from
different causal mechanisms are balanced. However, in the mechanism-shift SCM, as per Assumption A7, there
are only two causal mechanisms, and the samples are inherently unbalanced without specific clarification. With
additional assumption T j

c = T
2 , we can draw the same conclusion as in [Gao et al., 2023].

Note that dPE
j,⇤

↵�i
series with parameter ↵ and window index i is a function of nw, nst, time series index j and

time series segments index ⇤, shown as Eq. 23-25. For simplicity, we use dPE↵�i instead of dPE
j,⇤

↵�i
(nw, nst) in

the next section. Furthermore, we need to emphasize that Tsub is not the length of V but the length of the
corresponding specific time series segment Xj(⇤) .

Theorem A.2. Let {dPE↵�i}i be the estimated PE series for one time series segments Xj(⇤) ( Xj ( V
and T j

c denote the true change point in this time series segments. Under assumption A6-A7, we have that

8i 2 {i : inst + 2nw � 1 < T j
c }

P
�
max

i
{dPE↵�i}i < op(1)

�
> 1� aw � 2

bst log Tsub
� aw

Tsub
(27)

where bst = b log Tsub

nst
c and aw = dTsub

nw
e.

The window index i satisfying inst + 2nw � 1 < Tc guarantees that all the samples in Wi are collected from the
same distribution. Theorem A.2 states that the maximum estimated PE score obtained from such windows are
bounded by any positive constant with probability 1� aw�2

bst log Tsub
� aw

Tsub
if nw are larger than some threshold. In

other words, 8k > 0, 9N such that 8nw � N :

P (max
i

{dPE↵�i}i < k) > 1� aw � 2

bst log Tsub
� aw

Tsub
(28)

Proof. 8i 2 {i : inst + 2nw � 1 < T j
c }, the asymptotic expectation and variance of dPE↵�i is given by:

E(dPE↵�i) = PE↵�i + op(
1
p
nw

) (29)

= op(
1
p
nw

) (30)

V(dPE↵�i) = op(
1

nw
) (31)

The proof of the asymptotic expectation and variance can be found in Section B of [Yamada et al., 2013]. By
Chebyshev’s inequality, we have:

p
�
|dPE↵�i | � kop(

1
p
nw

)
�
 1

k2
(32)

Denote Ai as the event that |dPE↵�i | � kop(
1p
nw

). By Boole’s inequality, the union bound of the series for
i 2 {i : inst + 2nw � 1 < T j

c } is given by:

P
�
[
bT

j
c �2nw+1

nst
c

i=0 Ai

�


bT
j
c �2nw+1

nst
cX

i=0

p
�
Ai

�

bT

j
c �2nw+1

nst
c+ 1

k2
(33)

P
�
\
bT

j
c �2nw+1

nst
c

i=0 Ac
i

�
� 1�

bT
j
c �2nw+1

nst
c+ 1

k2
(34)
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That is, the probability that the maximum value of {dPE↵�i}
inst+2nw�1<T j

c
i=0 is less than kop(

1p
nw

) is larger than

1� bT
j
c �2nw+1

nst
c+1

k2 . The same results hold for 8i 2 {i : inst � T j
c }.

Let nst = bst log Tsub, k2 = nw and make nw a proportion of Tsub, which can be denoted by Tsub
aw

where bst and as
are both constants.

We have:

P
�
\
b
T

j
c � 2Tsub

aw
+1

bst log Tsub
c

i=0 Ac
i

�
> 1� aw � 2

bst log Tsub
� aw

Tsub
(35)

In other words, the likelihood that the maximum PE↵�i , encompassing all samples before T j
c or after T j

c , is less
than o(1) is greater than 1� aw�2

bst log Tsub
� aw

Tsub
. More specifically:

P
�
max

i
{dPE↵�i}i < op(1)

�
> 1� aw � 2

bst log Tsub
� aw

Tsub
(36)

Lemma A.3. Let {dPE↵�i}i be the estimated PE series for one time series segments Xj(⇤) ( Xj ( V
and T j

c denote the true change point in this time series segments. Under assumption A6-A7, we have that

8i 2 {i : T j
c < inst + 2nw � 1 < T j

c + nw},

p
�
PE↵�i � ci � (

p
nw � 1)op(

1
p
nw

) dPE↵�i (37)

 PE↵�i + ci + (
p
nw + 1)op(

1
p
nw

)
�
> 1� 1

nw
(38)

where c2i := kr↵�ik21 +
(1�↵�i)

2kr↵�i
k4
1

4 +
↵2�2

i kr↵�i
k4
1

4 .

The window index i satisfying T j
c < inst +2nw � 1 < T j

c +nw guarantees that all the samples in W 1
i are collected

from p(x) and samples in W 1
2 are from a mixture distribution (1� �i)p(x) + �ip0(x). Lemma A.3 states that the

estimated error between the estimated PE series and the true PE value is smaller than a constant with probability
1� 1

nw
if nw are larger than some threshold. In other words, 8k > 0, 9N such that 8nw � N :

P (|dPE↵�i � PE↵�i | < k + ci) > 1� 1

nw
(39)

Proof. 8i 2 {i : T j
c < ins + 2nw � 1 < T j

c + nw}, the asymptotic expectation and variance of dPE↵�i is given by:

E(dPE↵�i) = PE↵�i + op(
1
p
nw

) (40)

V(dPE↵�i) 
kr↵�ik21

nw
+

(1� ↵�i)2kr↵�ik41
4nw

+
↵2�2

i kr↵�ik41
4nw

+ op(
1

nw
). (41)

For simplicity, let �2
i :=

kr↵�i
k2
1

nw
+

(1�↵�i)
2kr↵�i

k4
1

4nw
+

↵2�2
i kr↵�i

k4
1

4nw
.

By Chebyshev’s inequality, we have:

p
�
|dPE↵�i � PE↵�i � op(

1
p
nw

)| � k(�i + op(
1
p
nw

))
�
 1

k2
(42)

p
�
|dPE↵�i � PE↵�i � op(

1
p
nw

)| < k(�i + op(
1
p
nw

))
�
� 1� 1

k2
(43)

Hence we have:

p
�
PE↵�i � k�i � (k � 1)op(

1
p
nw

) dPE↵�i  PE↵�i + k�i + (k + 1)op(
1
p
nw

)
�
> 1� 1

k2
(44)
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Let k =
p
nw and make nw a proportion of T , which can be denoted by T

aw
where as is a constant.

We have:

p
�
PE↵�i � ci � (

p
nw � 1)op(

1
p
nw

) dPE↵�i  PE↵�i + ci + (
p
nw + 1)op(

1
p
nw

)
�

(45)

> 1� 1

nw
(46)

where c2i := kr↵�ik21 +
(1�↵�i)

2kr↵�i
k4
1

4 +
↵2�2

i kr↵�i
k4
1

4 .

Since we only discuss the discrete distribution, therefore we can assume that there are k realizations of any
variable Xj

t from 1 to k. For simplicity, we denote p(x = k) as ph and p0(x = k) as p0h.
Lemma A.4. Let {PE↵�i}i be the estimated PE series for one time series segments Xj(⇤) ( Xj ( V
and T j

c denote the true change point in this time series segments. Under assumption A6-A7, we have that

8i 2 {i : T j
c < inst + 2nw � 1 < T j

c + nw},

• PE↵�i > 0

• PE↵�i is a monotonically increasing function regarding i (or �i).

• maxPE↵�i = 1
2

Pk
h=1

p2
h

(1�↵�⇤)ph+↵�⇤p0
h
� 1

2 where �⇤
is the largest proportion of samples from p0(x) over

those second windows {W 2
i }i:T j

c <inst+2nw�1<T j
c +nw

. For appropriate nw and nst, maxPE↵�i can achieve the

maximum when all samples of W 1
i are from p(x) and all samples of W 2

i are from p0(x), that is, maxi �i = 1.

Lemma A.4 suggests that the true PE series derived from the sequence of sliding windows is a monotonically
increasing function with respect to �i if the samples in the second half of the sliding windows are from a
mixture distribution, indicating that the change point is located within the second half of the sliding windows.
Similarly, employing the same reasoning, the true PE series becomes a monotonically decreasing function
with respect to �i if the samples in the first half of the windows are from a mixture distribution, that is,
i 2 {i : T j

c + nw < inst + 2nw � 1 < T j
c + 2nw}. In that case, �i represents the proportion of samples from p(x)

over the first half windows.

Proof. Treat PE↵�i as a function of ↵ := ↵�i.

PE↵�i =
1

2
Ep(x)[r↵�i

(x)]� 1

2
(47)

=
1

2

kX

h=1

ph
(1� ↵)ph + ↵p0h

ph �
1

2
(48)

=
1

2

kX

h=1

ph

1 + (
p0
h

ph
� 1)↵

� 1

2
(49)

We have:

f(↵) :=
kX

h=1

ph

1 + (
p0
h

ph
� 1)↵

(50)

f 0(↵) =
kX

h=1

�ph(p
0
h

ph
� 1)

(1 + (
p0
h

ph
� 1)↵)2

(51)

f 00(↵) =
kX

h=1

2ph(
p0
h

ph
� 1)2

(1 + (
p0
h

ph
� 1)↵)3

(52)
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Since p0
h

ph
> 0 and 0  ↵  1, we have 1 + (p

0
h

ph
� 1)↵ > 0 for any j 2 [k], hence f 00(↵) > 0, leading to an increasing

function f 0(↵).

f 0(↵) � f 0(0) =
kX

h=1

(ph � p0h) = 0 (53)

Hence f(↵) is an increasing function in terms of ↵ and

f(↵) � f(0) =
kX

h=1

ph = 1, with ↵ 2 [0, 1] (54)

Theorem A.5. Let {dPE↵�i}i be the estimated PE series for one time series segments Xj(⇤) ( Xj ( V and T j
c

denote the true change point in this time series segments. bT j
c denotes the estimator of T j

c obtained by:

bT j
c = argi max{dPE↵�i}i (55)

Under assumption A6-A9, we have that given large enough nw, 8i 2 [⌧max + 1, T ]

P
�
| bT j

c � T j
c | < 2nw

�
> (1� aw � 2

bst log Tsub
� aw

Tsub
)(1� 1

nw
) (56)

where bst = b log Tsub

nst
c and aw = dTsub

nw
e.

Proof. From Theorem A.2, 8k1 > 0, 9N1 such that 8nw � N1, we have 8i1 2 {i1 : i1nst + 2nw � 1 < Tc}:

P
�
max
i1

{dPE↵�i1
}i1 < k1

�
> 1� aw � 2

bst log Tsub
� aw

Tsub
(57)

From Lemma A.3, 8k2 > 0, 9N2 such that 8nw � N2, we have 8i2 2 {i : T j
c < i2nst + 2nw � 1 < T j

c + nw}:

P (|dPE↵�i2
� PE↵�i2

| < k2 + ci2) > 1� 1

nw
(58)

With Assumption A9, 9i2 such that PE↵�i2
> ci2 , hence 9k1, k2 > 0:

PE↵�i2
� ci2 + k2 + k1 (59)

Hence we can replace k1 with PE↵�i2
� ci2 � k2 in Eq.57 and then we have:

P
�
max
i1

{dPE↵�i1
}i1 < PE↵�i2

� ci2 � k2
�
> 1� aw � 2

bst log Tsub
� aw

Tsub
(60)

From Lemma A.3, we have:

PE↵�i2
� k2 � ci2 < dPE↵�i2

< PE↵�i2
+ k2 + ci2 (61)

holds with probability 1� 1
nw

.

As samples in Wi1 and Wi2 are IID, the events in Eq.60 and Eq.61 are independent, resulting in:

P (max
i1

{dPE↵�i1
}i1 < dPE↵�i2

) > (1� aw � 2

bst log Tsub
� aw

Tsub
)(1� 1

nw
) (62)

for 8i1 2 {i1 : i1nst + 2nw � 1 < Tc} and 9i2 2 {i : T j
c < i2nst + 2nw � 1 < T j

c + nw}.

From Lemma A.4, we know that 9�⇤ such that PE↵�⇤ = maxPE↵�i2
. Denote i⇤2 = argi2 maxPE↵�i2

.
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Since PE↵�i2
is a monotonically increasing function regarding �i2 , then the true change point T j

c must satisfying:

PE↵�
T

j
c �nw
nst

� PE↵�⇤ �dPE↵�i1
, (63)

8i1 2 {i : i1nst + 2nw � 1 < T j
c } as nst, nw and T has jointly determined �i. The proof for situations that

{i1 : i1nst � T j
c } and i2 2 {i : T j

c + nw < inst + 2nw � 1 < T j
c + 2nw} follows the same logic.

With Eq.63, we finally have:

P
�
| bT j

c � T j
c | < 2nw

�
> (1� aw � 2

bst log Tsub
� aw

Tsub
)(1� 1

nw
) (64)

B Related work

Identifying causal relationships in stationary time series is more challenging than in IID samples, and finding
these relationships in non-stationary time series is even harder. In our scenario, when change points occur, the
Mechanism-Shift SCM leads to a non-stationary time series. Each mechanism in this model corresponds to a
stationary time series. Once we accurately detect the change points, we can divide the non-stationary time series
into multiple stationary components. This simplifies the task of finding causal relationships in non-stationary
time series to that of discovering them in stationary time series. Therefore, our algorithm can be viewed as a
method for causal discovery in non-stationary time series, driven by change point detection.

Numerous efforts have been made recently to adapt causal discovery algorithms originally designed for IID data
to work with stationary time series data, such as [Runge et al., 2019], [Entner and Hoyer, 2010], [Hyvärinen et al.,
2010], [Peters et al., 2013] and [Pamfil et al., 2020].

Most causal discovery methods for non-stationary time series rely on parametric models. Examples include the
vector autoregressive model used in [Gong et al., 2015] and [Malinsky and Spirtes, 2019], as well as linear and
non-linear state-space models in [Huang et al., 2019]. Other approaches focus on linear causal relationships, as
seen in [Saggioro et al., 2020]. A non-parametric method called CD-NOD, described in [Huang et al., 2020],
can identify time-lagged causal relationships in non-stationary time series. Additionally, [Fujiwara et al., 2023]
introduced the JIT-LiNGAM algorithm, which combines the LiNGAM approach with a JIT framework to create a
local approximated linear causal model for non-linear and non-stationary data. In [Gao et al., 2023], it is assumed
that the underlying causal mechanisms of each time series change sequentially and periodically.

We would like to thoroughly clarify the differences between the setting in [Gao et al., 2023] and our paper to
prevent any potential confusion.

Our work Causal-RuLSIF and the previous work of PCMCI⌦ in [Gao et al., 2023] are designed for distinct settings.
We highlight two significant differences below.

Periodicity In PCMCI⌦, the Structural Causal Model (SCM) underlying the non-stationary time series is
defined for a specific type of non-stationarity called semi-stationary time series. These are characterized by a
finite number of different causal mechanisms occurring periodically over time. In contrast, our work does not
assume such periodicity but rather a change point in the causal mechanism.

For example, consider two different causal mechanisms, denoted as A and B. The shifting causal mechanisms
over time can be expressed as [A,B,A,B,A,B, · · · ]. PCMCI⌦ can detect the periodicity of such changes. On the
other hand, Causal-RuLSIF is designed for scenarios where a time series Xj 2 V transitions from one causal
mechanism to another without periodicity, such as [A,A,A, · · · , A,B,B, . . . , B]. Causal-RuLSIF identifies the
change point where the mechanism shifts from A to B. While Causal-RuLSIF can not be applied to settings like
[A,B,A,B,A,B, · · · ], PCMCI⌦ also fails to handle settings like [A,A,A, · · · , A,B,B, · · · , B].

Mechanism Change Additionally, PCMCI⌦ relies on the Hard Mechanism Change Assumption, which requires
that the incoming edges of causal mechanisms A and B do not share time-invariant parent sets, reflecting a
time-variant structure. In contrast, Causal-RuLSIF does not impose constraints on the causal graph structure;
it directly assesses changes in the conditional distribution using a distribution divergence score. As a result,
Causal-RuLSIF can handle both hard and soft mechanism changes.
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C Generate Binary-valued Time Series

The generation process has three steps.

1. Determine time series length T , number of time series n of the multivariate time series, data domain D,
maximum time lag ⌧max. Randomly generate T j

c , j 2 [n], satisfying Definition 3.1 and Assumption A6-A7.
Additionally, in order to guarantee enough samples in each time series segment, we also control the size of
the union parent set, that is, |SPAXj

t |.

With n, ⌧max and the number of change points for each component time series cj , one binary edge array
with dimension [n, cj + 1, n, ⌧max + 1] is randomly generated, where the first n denotes the index of parent
variable, cj denotes the number of change point, the second n represents the index of target variable (child)
and ⌧max+ 1 denotes the time lag. With Assumption A7, cj = 1 for all j 2 [n]. 1 in this binary edge array
means that there is an edge from the parent variable to the child variable with the corresponding time lag; 0
means that there is no cause-effect between two corresponding variables.

For a soft mechanism change, the parent set remains the same before and after the change point, without
intersecting other change points, so the binary edge arrays representing the different causal mechanisms
should be identical. In contrast, for a hard mechanism change, at least two of these binary edge arrays must
differ.

2. With the randomly generated binary edge array controlled by |SPAXj
t |, a full causal graph for this n-variate

time series is obtained. Given this edge array and data domain D, parent configuration matrices {⌃j}j2[n]

are obtained. Corresponding to {⌃j}j2[n], conditional probability tables (CPTs) are randomly generated.

3. Fill the starting points {Xj
t⌧max

}j2[n] with randomly generated binary data. Starting from time point
t > ⌧max, generate vector Xt over time according to the CPTs, until t achieves T .

Please note that since our algorithm can be extended to handle multiple change points, the generation process
can also be easily extended to accommodate such settings.

D Additional Experiments

From Fig.5(a) and Fig.5(b), it’s apparent that a large nw may affect the performance of Causal-RuLSIF. This
issue still stems from sample efficiency. The total number of windows for a specific time series segment Xj(⇤) is
given by b |Tsub|�2nw

nst
c+ 1, where Tsub = |Xj(⇤)|. Increasing nw decreases the total number of windows, resulting

in less information collected, as smaller nw is sufficient to estimate PE scores with kernel functions.

As demonstrated in Fig.6(a) and Fig.6(b), the performance of Causal-RuLSIF remains consistent regardless of
the distance between the change points T 1

c of X1 and T 2
c of X2.

Fig. 7(a) shows the running time needed for each algorithm in seconds. Cross-validation techniques is time-
consuming. It is beneficial that cross-validation is not needed for binary time series data for Causal-ReLSIF.
Additionally, in order to have a better illustration of implementing dynamic divergence measurement on time
series segments, we have conducted experiments on randomly generated binary time series and plot the PE
divergence series obtained from the time series segments.

The estimated PE divergence series shown in Fig. 7(b) for one time series segment verifies Theorem 4.1, Lemma
A.4 and Theorem 4.2 empirically. For window index i smaller than around 500 or larger than around 900, P̂Ei

score is very close to zero. For window index i between 500 and 900, dPEi first monotonically increases and then
monotonically decreases over the window index i and the maximum value is achieved at bTc = 864, which equals
to the true change point in this time series segment. Furthermore, the maximum of the PE score line is equal
to the true PE value, which is denoted by the dashed orange horizontal line. In the title of the subgraphs, KL
represents the Kullback-Leibler (KL) divergence between the two conditional distributions of X0 before and after
the change point, while max r indicates the maximum density ratio p(x)

(1�↵�i)p(x)+↵�ip0(x) over all x in its domain.
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(a) Influence of nw on estimation error (b) ROC curves for different nw

Figure 5: Causal-RuLSIF is tested on 3-multivariate binary time series with T = 6000, ⌧max = 4, |SPA(Xj
t )| =

3, nst = 1 with hard mechanism change. Every line with a different color corresponds to a different algorithm and
different linestyle corresponds to a different setting. Xj in the legend means the algorithm is applied to each
component time series while V means the algorithm is used for the whole n-variate time series V . Every marker
corresponds to the average error rate or average accuracy rate over 100 random trials. The error bar represents
the standard error for the averaged statistics. a) Influence of nw on estimation error |eT j

c �T j
c |

T . b) ROC curves for
different nw.

(a) Influence of |T 1
c � T 2

c | on estimation error (b) ROC curves for different |T 1
c � T 2

c |

Figure 6: Causal-RuLSIF is tested on 3-multivariate binary time series with T = 6000, ⌧max = 4, |SPA(Xj
t )| =

3, nw = 50, nst = 1 with soft mechanism change. Every line with a different color corresponds to a different
algorithm and different linestyle corresponds to a different setting. Xj in the legend means the algorithm is
applied to each component time series while V means the algorithm is used for the whole n-variate time series
V . Every marker corresponds to the average error rate or average accuracy rate over 100 random trials. The
error bar represents the standard error for the averaged statistics. a) Influence of |T 1

c � T 2
c | on estimation error

|eT j
c �T j

c |
T . b) ROC curves for different |T 1

c � T 2
c |.

E Sample Efficiency: k-PC and Top-K parents

As noted in the main paper, sample efficiency is a fundamental issue in our algorithm. The effective sample size
of each time series segment, |Tsub| ⇡ T/|s|[SPA(Xj

t )||, decreases exponentially with domain size s and parent size
[SPA(Xj

t ), whereas the baseline method has a sample size of T . This is a necessary trade-off if we focus on the
causal mechanims shift rather than the shift in joint distributions.
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(a) Runtime (in sec.) for algorithms (b) One estimated PE divergence series obtained on one

time series segment

Figure 7: Runtime and one illustration of time series segment.

In practice, we can address this issue through two approaches: the k-PC algorithm and the top-K causal strength
selection.

Specifically, we can improve the power of the CI tests by applying the k-PC algorithm from [Kocaoglu, 2024]
during the PC stage of PCMCI, which restricts the size of the conditioning set to k. Furthermore, when generating
time series segments with SPA(Xj

t ), we can directly limit the size of SPA(Xj
t ) by selecting only the parents with

the top K causal strengths based on the statistics from the MCI tests in PCMCI. As noted in [Runge et al., 2019],
the MCI test statistic can be interpreted as a measure of causal strength, enabling the meaningful ranking of
causal links in large-scale studies.

Given a large multivariate time series dataset with n = 4, 6, 8, 10 univariate time series, Fig. 8(a) and 8(b)
demonstrate that more accurate time series segments result in more accurate estimates of cT j

c , highlighting
the need for causal-driven change point detection under the Mechanism-shift SCM. Our proposed algorithm,
Causal-RuLSIF with the Top 1 parent, may perform worse than some baselines due to sample efficiency limitations.
Additionally, in this experiment, when no significant parent is identified during causal discovery, we select the
parent with the highest causal influence, even if it lacks significance, which can further decrease the performance
of the Top 1 parent method. However, Causal-RuLSIF with the Top 3 parents outperforms other baselines.

F Multiple Change Points

Our algorithm can be readily extended to handle multiple change point problems, subject to Assumption A7.

If the temporal distance between two consecutive change points in time series segments exceeds the window size,
i.e., �c > 2nw, the theoretical guarantee for detecting each individual change point, as discussed in the main
paper, remains valid.

Fig. 9(a) and Fig. 9(b) illustrate the performance of algorithms on time series where each univariate time series
contains at most 4 change points, specifically, cj  4 for j 2 [3]. Our algorithm outperforms the other baselines.

G Case Study: A Cautionary Counterexample

When applying our causal-driven algorithm to a real dataset, it is crucial to ensure that there are causal
relationships among the n-variate time series. If no causal relationships exist within the n-variate time series, we
do not recommend using our algorithm. This is because the identified causal relationships may not be meaningful,
and the efficiency of the sample will diminish due to the presence of misleading or meaningless causal relationships.

Additionally, please carefully check whether all the assumptions in section A.3 are met.

To illustrate this warning, we conduct a case study on a human activity dataset, as used in [Alanqary et al., 2021].
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(a) Influence of selecting top-K parents on estima-

tion error

(b) ROC curves for different n-variate time series

Figure 8: Causal-RuLSIF is tested on n-variate time series where T = 6000, ⌧max = 4, |SPA(Xj
t )| = 4, nst = 1, n =

[4, 6, 8, 10] with soft mechanism change. The domain size s = 3. Every line with a different color corresponds
to a different algorithm and different linestyle corresponds to a different setting. Xj in the legend means the
algorithm is applied to each component time series while V means the algorithm is used for the whole n-variate
time series V . Every marker corresponds to the average error rate or accuracy rate over 50 random trials. The
error bar represents the standard error for the averaged statistics. a) Influence of Top-K parents on estimation
error |eT j

c �T j
c |

T . b) ROC curves for different n-variate time series.

(a) Estimation error (b) ROC curves

Figure 9: Causal-RuLSIF is tested on 3-multivariate binary time series with T = 6000, ⌧max = 4, |SPA(Xj
t )| =

3, nw = 50, nst = 1 with soft mechanism change. Every line with a different color corresponds to a different
algorithm and different linestyle corresponds to a different setting. Xj in the legend means the algorithm is
applied to each component time series while V means the algorithm is used for the whole n-variate time series V .
Every marker corresponds to the average error rate or average accuracy rate over 50 random trials. The error bar
represents the standard error for the averaged statistics. a) Estimation error with different algorithms. b) ROC
curves for different algorithms.

This dataset was collected using a portable three-axis accelerometer on human beings. The three dimensions
of the time series reflect the acceleration recorded by the device along the x, y, and z axes. The change points
indicate transitions between six activities: standing, walking, jogging, skipping, climbing up stairs, and climbing
down stairs. We select a sequence of length 1000 that contains only one change point.

First, common sense suggests that there are no clear causal relationships among this 3-variate time series. Second,
Assumption A1 is violated since the three axes are affected by human movement, which implies the existence
of an unobserved confounder.
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We continue to apply causal-RuLSIF to this dataset to highlight its inappropriateness. As illustrated in Fig. 10,
while the estimated change point eT j

c on the y-axis and z-axis is close to the true change point T j
c , this does not

confirm the accuracy of the estimates; instead, it demonstrates the robustness of the causal-driven algorithm.
Additionally, the deviation of eT j

c on the x-axis is consistent with our previous observations. In this type of
dataset, we should concentrate on the shift in the joint distribution of the time series rather than the causal
mechanism shift.

Figure 10: Causal-RuLSIF on human activity dataset. There are three subplots corresponding to the x-axis,
y-axis, and z-axis, respectively. The black vertical line represents the true change point T j

c , while each colored
vertical line indicates the estimated change point eT j

c .

H Limitations

Here we discuss the limitations of our proposed algorithm:

Discrete-valued time series with infinite domain size and Continuous-valued time series: If the
domain size for the discrete data is large, a longer time series is required. Furthermore, the number of samples in
each time series segment decreases exponentially as the domain size increases. This is a necessary trade-off if
we want to avoid imposing model constraints on the distribution, such as linearity, and if we want to establish
theoretical guarantees for non-IID time series data. The inherent limitation in sample efficiency arises because
the conditional distribution is determined by the specific realization of a particular event.

Continuous-valued time series involves working with conditional probability density functions rather than
conditional probability tables (CPTs). We have tried to extend this algorithm to probability density, but it is
very challenging. For continuous-valued time series, the number of parent configurations is infinite, making it
difficult to create a finite number of time series segments unless additional processing, such as categorizing the
data or generating discrete analogs of a continuous distribution, is applied.

Sample Efficiency: This limitation has been addressed to some extent, as discussed in Appendix E, but
it remains a fundamental issue that we aim to explore in future work. In the current framework, without
any special operation like k-PC and Top-K parents, the effective sample size of each time series segment,
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|Tsub| ⇡ T/|s|[SPA(Xj
t )||, diminishes exponentially with domain size s and parent size [SPA(Xj

t ), in contrast to the
baseline method, which maintains a sample size of T . The challenge lies in how to aggregate the information
from each time series segment more efficiently.

Smooth Causal Mechanism Change: With the Mechanism-shift SCM, there is a constraint that two different
mechanisms switch instantaneously. However, in some real-world scenarios, the causal mechanism shift may occur
gradually over time.

Causal Relations and Assumptions: As mentioned in Section G, before implementing our causal-driven
algorithm, it is crucial to apply common sense or expert judgment to assess whether potential causal relationships
exist. All the assumptions in Section A.3 should be met before using the algorithm.

H.1 Experiments Under Assumption Violations

In order to comprehensively evaluate the proposed algorithm under these limitations, we conducted experiments
that violate Assumption A6 Boundary Separation Assumption by placing change points near t = 1 and t = T ,
specifically within 50 time points (Case B). We compared this with a standard setting (Case A), where change
points are located within the interval [50, T � 50], satisfying Assumption A6.

The algorithm’s performance on continuous data after discretization varies depending on how the discretization
process affects the underlying causal structure of the original data. To assess this, we also evaluated the algorithm
on continuous data discretized using the 5-number summary (Case C).

The results are presented below. The table reports the average estimated error
eT j
c �T j

c

T j
c

and its standard deviation
over 50 random trials. In all experiments, we set T = 1500.

Case A (normal) Case B (without A6) Case C (discretization)
Average Std Average Std Average Std

0.04 0.10 0.51 0.31 0.23 0.21


